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We investigate the dynamical horizon area law formalism with a torus topology in its cross section. 
A special solution of Einstein equations of the general Vaidya form with a fiat torus topology on the 
cross section of its dynamical horizon is put forward. The solution, having a dynamical horizon, has 
a non-vanishing matter flux inside the horizon and therefor increase in the area of its horizon cross 
section. We have shown that with vanishing matter flux inside the horizon, this horizon becomes 
the isolated horizon. Finally, we find that the dynamical horizon area law matched to the stationary 
case. 
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I. INTRODUCTION 

q | In general relativity it was widely believed that black holes formed by gravitational collapse should have spherical 
horizon. Hawking proved that each connected component of the event horizon of a stationary black hole in four 
dimensional space time has the topology of a 2-sphere Hawkings theorem was later generalized by Gannon 2] 
who proved, replacing stationarity by some weaker assumptions, that the horizon must be either spherical or toroidal. 
On the other hand, Chrusciel and Wald [|| showed that each connected component of a cross-section of the event 
horizon of a stationary black hole must have spherical topology. Jacobson et al. Q proved that, under certain 
conditions, the topology of the event horizon of a four dimensional asymptotically flat black hole space time must be 

(*f) ' 2-sphere. 
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\D ■ In fact, as was shown by Shapiro, Teutolsky and Winicour [5j|, a temporarily toroidal horizon can be formed in 
gravitational collapse, in a way consistent with the theorems. The genus one black hole area law was considered by 
f — ■ " [6|, and the entropy were computed and used to argue that the mass spectrum of states is positive definite. This 
calculation was extended to d dimensions with a negative cosmological constant Q. Recently, toroidal and higher 
(N- genus asymptotically AdS black holes have been considered Q . They matched some metrics such as Lemaitre-Tolman- 
Bondi-like and McVittie solution to toroidal or higher genus asymptotically AdS black holes. However, no general 
formalism for black hole thermodynamics in the case of torus topology for the horizon cross sections were given. 
Making a model for a dynamical black hole can be the first step to knowin g th e cosmological black hole @ . A general 
formalism for the area law in the dynamical case was first formulated in [lOj], mentioning the possibility of toroidal 
cross section of the horizon and formulating the corresponding black hole area law. Using a 3+1 decomposition and 
the Gauss-Bonnet theorem, they found a formalism which identifies the rate at which the radius of cross sections 
increases precisely according to the matter flux and gravitational wave on the horizon in the case that the topology of 
cross sections is spherical and cosmological constant is strictly positive. However, their formalism says nothing when 
the topology of cross sections is toroidal which may happen in the case of zero and negative cosmological constant. 
In this paper we will show by a concrete example that there is dynamical horizons having a cross section with torus 
topology with non zero matter flux on the horizon . 

We will follow in this paper definitions and notations used in fl0| . They introduced a local definition of horizon as 
a three dimensional manifold H in space time which can be foliated by closed 2-dimensional surfaces S, assuming 
special characteristic of the expansion on each leaf. The space-time metric g a b has signature (—,+,+,+) and its 
covariant derivative operator will be denoted by V. The Riemann tensor is defined by R a bc d Wd '■= 2V[ a Vf,]W c , the 
Ricci tensor by R a b '■= Racb c , and the scalar curvature by R := g ab R a b- The unit normal to H will be denoted 
by r a ; g a bT a T h = —1. The intrinsic metric and the extrinsic curvature of H are denoted by q a b :— g a b + T a fb and 
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K a b '•= Qa c Qb v c Td respectively. D is the covariant derivative operator on H compatible with q ab , lZ ab its Ricci tensor 
and 1Z its scalar curvature. The unit space- like vector orthogonal to S and tangent to H is denoted by r a . Quantities 
intrinsic to S will be generally written with a tilde. Thus, the two-metric on S is q ab and the extrinsic curvature of 
S C H is K ab := q a c q b d D c r ( ] i ; the derivative operator on (S, q a b) is D and its Ricci tensor is TZ a b- Finally, we can fix 
the rescaling freedom in the choice of null normals £ a := r a + r a and n a := r a — r a such that l a n a = — 2. The shear 
tensor a a b of the null vector l a and its trace a are defined as usual. A dynamical horizon is then defined as a three 
dimensional space like sub-manifold of space time such that it can be foliated with closed orientable two dimensional 
surfaces on which the expansion &m vanishes, and the expansion ®r n ) of the other null normal is negative. 

Section 2 is devoted to a short review of the area law formalism for dynamical horizons in different cases of the 
cosmological constant. The area law for the dynamical horizon in a concrete metric with AdS back ground (A < 0) 
as an exact solution of the Einstein equations is discussed in section III. We then conclude in section IV. 



II. AREA LAW FOR DYNAMICAL BLACK HOLES 



Now, having the necessary definitions and notations, we may write the first consequence of the above definition of 
a dynamical horizon, using the relations 0m = and 0( n ) < 0, in the form 

K = q ab D a n = ~ q ah Va{h - n b ) = ~& {n ) > 0. (1) 

Hence, the area as of S will increase monotonically along r a by the change of the cross sections, which is equivalent 
to the second law of black hole mechanics on H. To obtain an explicit expression for the area change the authors in 
(Toj take first two fixed cross-sections Si and 5*2 of H, and then integrate the result on a portion AH C H bounded 
by Si and S2 with the corresponding radii Ri and i?2- Note that R is the area radius of S defined by as = 47ri? 2 , 
as bein g th e surface area of S independent of its topology. Following result is then obtained using Gauss-Bonnet 
theorem [lfj|: 

1(R 2 - Ri) = WttG f (T ab - -±- gab )? a & R) d 3 V + f N R {\a\ 2 + 2\(\ 2 } d 3 V, (2) 

where X is the Euler characteristic of S; The scalar |£| is the length of the vector ( a — q ab r c V ' b £ c and £? R s = N R l a 

where the lapse function is given by Nr = \dR\. The first term on the right hand side is usually called the matter 

flux, -Flatten an d the second term is the gravitational wave flux, FgSv The discussion on the topology of S is now 
divided in three cases depending on the cosmological constant. 

Case 1 : A > 0. Since the stress energy tensor T ab is assumed to satisfy the dominant energy condition, the right 
hand side is manifestly positive definite. Due to the fact that the area increases along f°, we must have 
i?2 — Ri > 0. It then follows that I has to be positive. Therefore, the closed, orientable 2-manifolds S are 
necessarily topologically 2-spheres and 1 = 8ir. Eq.Q now gives a measure for the increase of the horizon cross 
section area [HI : 



i?2 — Ri 
2G 



= L {Tab -^G 9ab)?a ^ d3v 

+ \kc f iMM 2 + 2|C| 2 }^. (3) 
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Case 2 : A = 0. The right hand side of eq.([2]) is necessarily non- negative. Hence, the topology of S is either that 
of a 2-sphere (if the right hand side is positive) or that of a 2-torus (if the right hand side vanishes). The torus 
topology can occur if and only if T ab £ b , a ab and ( a all vanish everywhere on H. Therefore, it may be concluded 
that the scalar curvature 1Z of S must also vanish on every cross-section. The 2-manifold S then has to be a flat 
torus. Using the fact that H is space-like, we conclude that in this case C n = everywhere on H. Thus, in 
this case the dynamical horizon cannot be a FOTH [lOj . Furthermore, since &(£),<T a b, and R a b£ h all vanish on 
H, the Raychaudhuri equation now implies that Ci @a) also vanishes. 
Note the following cases: 
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• In the case of torus topology the transition to the stationary case and isolated horizon is not trivial (loj. 
Given that in the stationary case the topology can not be a torus [l[ , a topology change is then unavoidable 
[l3j . The procedure used in 10] to understand the transition to the isolated horizon is based on the relation 

fC n Q (i) = -a 2 -R ab tt\ (4) 

where / is the length of a space-like vector orthogonal to S and tangent to H . Now, due to the fact that 
in the case of torus topology we have C n 0(e) — 0, it can not be concluded that / = which is a necessary 
condition for the isolated horizon with the sphere topology. 

• The familiar matter flux as defined in ([2]) does vanish in the case of the torus topology. However, by 
changing the definition of in @ to £^ = cn b , where c is an appropriate coefficient related to /, we 
may arrive at a non- vanishing matter flux. That this is not always the case, we will see on hand a concrete 
example in the section (3). We may also note that the positivity of the extrinsic curvature of S along r a 
in the case of torus topology does not necessarily means an area increase. This is due to the vanishing of 
the left hand side of 

Case 3: A < 0. In this case there is no control on the sign of the right hand side of eq.|J2J|. Hence, any topology 
is permissible. Stationary solutions with quite general topologies are known for black holes which are locally 
asymptotically anti-de Sitter [6|. Event horizons of these solutions are potential asymptotic states of these 
dynamical horizons in the distant future. 



III. AREA LAW FOR A DYNAMICAL BLACK HOLE IN ADS BACK GROUND 

We are interested in a solution of Einstein equations with negative cosmological constant representing a black hole 
with a dynamical horizon which has toroidal cross sections. Let us start with a metric in the general Vaidya form: 



ds 2 = -f(v, r)dv 2 + 2dvdr + r 2 (d0 2 + d(f> 2 ), (5) 

with the arbitrary function / of coordinates v and r, where v is the advanced time coordinate with — oo < i; < oo, r is 
the radial coordinate with < r < oo, and 8, <j> are coordinates describing the two-dimensional zero-curvature space 
generated by the two-dimensional commutative Lie group Gi of isometries @ . 
The black hole apparent horizon is space-like and located at 

f(v,r):=0. (6) 

The expansions of the corresponding null normals are 

Qt = ~, and e n = --. (7) 

r r 

Note that O n is always negative and Qe vanishes precisely at the horizon, as required by a dynamical horizon. The 
unit normal to the horizon is given by 

= [/,/'] and f a = ^===[/',/]. (8) 



|2//'| Vl 2// 'l 

The constant r surfaces are the preferred cross sections of the horizon and the unit space-like normal f a to these cross 
sections is given by 

1 =[-/,/'] and r a = ^=if',-f}. (9) 



Wl \f\Vf\ 
The properly rescaled null normals are then given by 



2\f'\ 2f 
r = U 1 =(1,0,0,0) and n a = J =(0,1,0,0). (10) 



1 2//' | VI 2//' 
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The lapse function corresponding to the radial coordinate r, which in this case is identical to the area radius, is given 
by 



I 



2/' 



1/2 



(11) 



Thus the properly rescaled vector field corresponding to the radial coordinate r is £?R =r ) = N r £ a = (d/dv) a . 
Now, take the following special solution with toroidal horizon configurations suggested in [ljj 



ds 2 = - [a 2 r 2 - dv 2 + 2dvdr + r 2 (d9 2 + dcj> 2 ), (12) 

where < 6 < 27r, < <fi < 2ir. The corresponding energy-momentum tensor is then given by 

T , — £ dm ( v ) h h, 

1(lb ~ 8^ dv ^a^b, 

k a = S v a , k a k a = 0, (13) 

where a = /3 = q/a, and m(v) is the Misner-Sharp mass. In these coordinates, lines with v ^constant represent 

incoming radial null vectors having tangent vectors in the form k a = (0,-1,0,0), or k a = (—1,0,0,0). The energy 
momentum tensor depends, in general, on A and diverges as A — > 0. To assume a toroidal cross section and apply the 
eq.@, we therefore ask for /3 to be independent of A, leading to q = — . 

Now, noting that the energy-density of the radiation is e = 4 Ji r ± ^p, one sees that the weak energy condition for 
the radiation is satisfied whenever > 0, i.e., the radiation is imploding. 
The apparent horizon surface is now defined by 

qm\ AH = a 3 r\ 3 AH . (14) 

Having specified /, and noting that / = — ^ and /' = 2a ^ r f qm , we are able to calculate the gravitational flux 
leading to 



7& = T±rl N R {\a\ 2 +2\t\ 2 }d*V = 0. (15) 



I AH 

Therefore, from the equation @ we conclude that in the case of toroidal topology the matter flux term has to be 

d R ) — f rp ^ a pb 

ordinary matter J AH ab ^(R) ' 



zero, i.e. Flatter = °- Triis means that ordinary matter fluid, ^^inary matter = J AH Tab ^ a ^R) d ^ '> ec l uals to A 



fluid, 4/L d = Iah s7G9a b )r a e (R] d 3 V. 
In the case of iti\ah = 0, the r a will be null this means that the matter inside the apparent horizon is constant: 
itAah = const. Thus, the apparent horizon surface becomes constant and do not increase (Isolated horizon). Now, 
let us differentiate two cases: 

• m is constant everywhere : In this case, the horizon is isolated. The following coordinate transformations will 
then give us the stationary metric suggested in Q: 

/dr 
(c?r> - *a5 ' (16) 
V ctr I 

Therefore, all results stated in Q for this metric including the formula for the black hole area law are applicable 
here. 

• m is constant on the horizon (m\AH — constant) : This case corresponds to a genuine dynamical horizon 
according to [10| . However, in contrast to the case of spherical topology, where the growth of the dynamical 
horizon is due to the matter flux into it, in this case the matter flux is vanishing, as it is the case for an isolated 
horizon. We are, therefore, facing a solution representing a dynamical horizon while there is matter flux inside 
the horizon which confirm the same result in the dynamical horizon with sphere topology. This may not be a 
general feature of a dynamical horizon with a torus topology. 
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IV. CONCLUSION 



We have faced the question if the definition of a dynamical horizon imply an increase of the mass on the horizon, 
as stated in [l(|. A metric in the Vaidya form with the torus topology of the cross sections of its dynamical horizon 
has been studied. Similar to the spherical dynamical horizon, this horizon is dynamical and has non- vanishing matter 
flux. The dynamical horizon of this metric has also a stationary limit identical to that discussed in @ . 
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